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Abstract
We show that a minimal extension of the Standard Model including a new complex scalar field can explain
inflation and the observed effective number of neutrinos. The real part of the singlet plays the roˆle of the
inflaton field, while the Goldstone boson emerging from the spontaneous symmetry breaking of a global
U(1) symmetry contributes to dark radiation and increases the effective number of neutrino species by 0.3
over the Standard Model value. After detailing the phenomenology of the model, we find that the predicted
inflationary observables are in agreement with the current bounds, once the dark radiation component is
allowed, both within the metric and Palatini formulation of non-minimally coupled gravity.
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1. Introduction
According to contemporary understanding, the
earliest stage of our Universe presents a period of
exponential expansion known as cosmic inflation.
In the simplest models, the expansion is driven by
a scalar field – the inflaton – that slowly rolls along
its potential. At the end of inflation the inflaton de-
cays, filling and (re)heating the Universe with mat-
ter and radiation [1–3], while its quantum fluctua-
tions seed the density perturbations that give rise
to the observed cosmological structure [4, 5].
The evolution of these perturbations, however,
depends on the temperature and particle content
of the primordial plasma: relativistic particles
tend to escape from gravitational wells and conse-
quently hinder the progressive formation of struc-
tures. Measurements of the characteristic scales
of the Universe, in particular observations of the
cosmic microwave background (CMB) and baryon
acoustic oscillations (BAO), can therefore put a cap
on the maximal number of such particles allowed at
a given era. Taking the Standard Model (SM) as a
reference, the possible presence of new relativistic
degrees of freedom at a given temperature is usually
quantified in the effective number Neff of relativistic
fermionic – or ‘neutrino’ – species.
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Current CMB observations are certainly consis-
tent with the SM prediction NSMeff = 3.046, which
considers only the three active neutrino flavours
that participate in weak interactions.1 The lat-
est Planck results combined with BAO observation
report in fact Neff = 2.99 ± 0.17 [6], and seem-
ingly leave little room for any dark radiation: new
relativistic free-streaming degrees of freedom that
would add to the SM neutrino contribution to Neff .
The robustness of this conclusion has recently
been questioned in connection to a standing
anomaly concerning the measurements of the Hub-
ble parameter H0. Whereas CMB and BAO stud-
ies support H0 = 67.66 ± 0.42 km s−1 Mpc−1 at a
68% confidence level (CL) [6], local determinations
of this quantity from supernova observations and
the recently released GAIA data actually favour a
larger value, H0 = 73.52 ± 1.62 km s−1 Mpc−1 ,
giving rise to a 3.8 σ discrepancy [7, 8]. Interest-
ingly, this inconsistency could be diminished by al-
lowing for dark radiation at the decoupling epoch,
as the same CMB data prefer larger values of H0
in this case. A combined fit of the Planck data ac-
counting for the local H0 determination results, for
instance, in H0 = 69.32 ± 0.97 km s−1 Mpc−1 for
Neff = 3.27± 0.15, both at a 68% CL [6].
1Decimals are the result of a non-instantaneous neutrino
decoupling and quantum corrections.
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If we entertain the idea that larger values of Neff
are the solution to the Hubble parameter discrep-
ancy, the corresponding change in the energy bal-
ance will modify the expansion history of the Uni-
verse. Big Bang nucleosynthesis (BBN), as an ex-
ample, is sensitive to the presence of extra degrees
of freedom at a time much earlier than radiation de-
coupling. The latest analyses report that reproduc-
ing the correct primordial abundances of light ele-
ments constrains Neff = 2.88±0.27 at a 68% CL [9],
and therefore leave open the possibility that a new
relativistic component solve the Hubble parameter
puzzle.2 Besides BBN, modifications of Neff – thus
of H0 – bear consequences also on the inflationary
observables [11, 12]. Here, dark radiation strongly
affects model selection, as the damping of the CMB
anisotropy power spectrum induced at small scales
can be partially compensated by shifting the tilt of
the primordial spectrum ns towards its blue side.
For instance, once dark radiation is allowed, mod-
els of power-law inflation and curvaton scenarios
can be reconciled with the present observation [11].
A Goldstone boson resulting from the breaking
of a global symmetry is a natural candidate for the
roˆle of dark radiation [13]. Its contribution to the
effective number of neutrino species depends on the
temperature at which the Goldstone leaves thermal
equilibrium with the SM plasma, which is reheated
by particle annihilations several times during the
evolution of the Universe. Fascinated by this pos-
sibility, we study a minimal scenario where the dy-
namics of inflation are entwined with the properties
of dark radiation. In our scheme,3 a U(1) global
symmetry, which conserves the particle number of
a complex scalar S, is broken as the radial part
of the latter develops a vacuum expectation value
(VEV). The phase of S is the Goldstone boson that
contributes to Neff , whereas the radial component
plays the roˆle of the inflaton. We also introduce a
non-minimal coupling between S and the curvature
scalar R, which flattens the potential at large field
values and generally leads our inflationary solutions
towards those of the Starobinsky model [1]. In this
way we show that the proposed framework can fit
the observed effective number of neutrino species
2We should nevertheless remark that additional proper-
ties such as viscosity and speed of sound related to a pos-
sible new relativistic component are tightly constrained by
the study of CMB perturbations [10].
3An alternative scenario based on a non-minimally cou-
pled SM Higgs boson as the inflaton and N Goldstone bosons
is discussed in Ref. [14].
and predict inflationary observables in a consistent
way. For the sake of generality, we perform our
analysis considering both the metric and Palatini
formalisms [15], taking into account the relevant
radiative corrections.
This Letter is organized as follows. In Section 2
we introduce our model; the results concerning the
effective number of neutrino species are given in
Section 3. Inflationary observables are calculated
in Section 4 and our conclusions are presented in
Section 5. We finally include the renormalisation
group equations of the model in Appendix A.
2. Model
In addition to the SM Higgs doubletH, our scalar
sector comprises a complex field S that transforms
as a singlet under the SM gauge group, but carries a
charge associated with a new global U(1) symmetry.
We also let S be non-minimally coupled to gravity:
L ⊃ −
(
ξS†S +
M2
2
)
R+ |∂H|2 + |∂S|2−V (H,S),
(1)
where the scalar potential is given by
V = µ2H |H|2 + µ2S |S|2 + λH |H|4
+ λS |S|4 + λHS |H|2|S|2 ,
(2)
and we take µ2S , µ
2
H < 0 but
4 λHS > 0. We antici-
pate that the VEV developed by the radial compo-
nent of S is much smaller than the reduced Planck
scale M¯Pl = 2.4× 1018 GeV, so we set M ' M¯Pl in
order to recover the usual strength of gravitational
interactions.
In the unitary gauge, we parameterize
H =
(
0
vh+h
′√
2
)
, S =
vρ + ρ
′
√
2
ei2α, (3)
where ρ′ is the radial part of the singlet and α is
the Goldstone boson.
The VEVs of the involved fields are computed via
the minimization conditions
2v2hλH + v
2
ρλHS + 2µ
2
H = 0 , (4)
v2hλHS + 2v
2
ρλS + 2µ
2
S = 0 , (5)
4Models with λHS < 0 are also viable, but require a more
careful analysis since too large negative values of the portal
coupling might prevent a successful EWSB.
2
where we neglect quantum corrections. The VEV
of the Higgs boson is set to vh = 246.22 GeV in
accordance with measurements.
The portal coupling included λHS in eq. (2) mixes
the CP-even scalar fields after the electroweak sym-
metry breaking, giving the mass matrix
M2CP+ =
(
2λHv
2
H λHSvHvρ
λHSvHvρ 2λSv
2
ρ
)
, (6)
written here in the field basis (h′, ρ′). The Gold-
stone boson remains massless as expected. The
mixing between h′ and ρ′ is quantified in the an-
gle
tan 2θ =
λHS vhvρ
λHv2H − λSv2ρ
, (7)
which enters the definition of the mass eigenstates
h and ρ: (
h
ρ
)
=
(
cos θ sin θ
− sin θ cos θ
)(
h′
ρ′
)
. (8)
LHC measurements then impose mh = 125.09 GeV
[16] and bound the mixing angle to sin θ . 0.5 for
mρ < mh [17, 18], which is the case we consider
here.5 Notice that the effect of the above mixing
is negligible during the inflation: as λHS > 0, the
inflaton progressively drives the Higgs boson to van-
ishing field values [19], possibly solving, in this way,
the SM vacuum stability problem.
3. Goldstone bosons and the effective num-
ber of neutrino species
The effective number of neutrino species quanti-
fies extra-SM inputs into the radiation energy den-
sity of the Universe in units of the neutrino con-
tribution. Taking the photon temperature Tγ as a
reference, we have
ρrad =
pi2
30
g?T
4
γ , (9)
where the effective number of relativistic degrees of
freedom
g? =
7
8
∑
f
gf
(
Tf
Tγ
)4
+
∑
b
gb
(
Tb
Tγ
)4
(10)
5Whereas solutions with mρ > mh indeed exist, we find
that perturbativity of the theory and the constraint in eq.
(13) strongly disfavour the case. For more details, we refer
the reader to the discussion following eq. (13).
includes all the fermionic, f, and bosonic, b, rela-
tivistic species. The first term in the above equation
then accounts for the contribution of SM neutrinos,
as well as of dark radiation
g? ⊃ 7
4
Neff
(
Tν
Tγ
)4
. (11)
We can isolate the latter by defining ∆Nν = Neff −
NSMeff , where
∆Nν =
1
2
∑
f˜
g˜f
(
T˜f
Tν
)4
+
4
7
∑
v˜
gb˜
(
Tb˜
Tν
)4
, (12)
for the extra – indicated by a tilde – fermionic and
bosonic species.
The presence of a Goldstone boson can thus re-
sult in different values of Neff , depending on the
temperature of these particles relative to that of SM
neutrinos. Goldstone bosons that decouple from
the SM plasma at the same time as the neutrinos
yield Neff = 3.617, which is too large according
to current observations. An earlier decoupling in-
duces instead a smaller contribution, as the tem-
perature ratio is suppressed by entropy injections
in the plasma that reheat the neutrinos. For in-
stance, Goldstone bosons that leave the thermal
bath prior to the muon annihilation era result in
Neff = 3.438 [13], whereas a loss of thermal equi-
librium after the QCD phase transition but preced-
ing the pion annihilations yields Neff = 3.350. In
this work we will consider the latter case, as earlier
decouplings induce only negligible contributions to
Neff .
To ensure that the Goldstone boson stays in ther-
mal equilibrium until the required era, we need to
take care that the rate of the thermalising inter-
actions does not succumb to the expansion rate of
the Universe. If we suppose that dark radiation be
thermalised via effective interactions with the SM
fermions – mainly muons – induced by the mixing
of the CP odd scalar state, requiring that Goldstone
decouple at a temperature of the order of the pion
masses implies [13]
λ2HSm
2
µm
5
piMPl
m4ρm
4
h
= χ , (13)
where MPl =
√
8piM¯Pl is the Planck mass. Here
the factor χ corrects the above estimate for errors
due to the considered simplified decoupling dynam-
ics and possible mis-determinations of the effective
3
number of degrees of freedom in the plasma [20–
23]. In this work we employ the above condition to
set the value of the portal coupling λHS , and vary
χ in the range [0.1, 10] to assess the effect of the
mentioned uncertainties on the inflationary observ-
ables.
4. Inflationary Observables
In order to delineate the inflationary scenario
supported by the dynamics of S, we retain the
quantum corrections6 in the inflaton potential and
investigate its phenomenological consequences in
both the metric and Palatini formalisms, which dif-
fer because of the presence of a non-minimal gravi-
tational coupling [15] as described in Appendix B.
Given the present constraint on the amplitude of
scalar perturbations [55, 56]
As = (2.14± 0.05)× 10−9, (14)
the running of the non-minimal coupling ξ can in-
stead be safely neglected in the computation as long
as the pertubativity of the theory is ensured – see
for instance Ref. [57].
Within the metric formalism, the inflationary ob-
servables r and ns can be computed by follow-
ing straightforwardly the procedure delineated in
Ref. [25]. The same procedure holds in the Palatini
case, but the required field redefinition is here given
by the solution of
∂ρE
∂ρ′
=
M¯Pl
M
√
M2
M2 + ξ(ρ′)2
, (15)
where ρE is the canonically normalized Einstein-
frame field value of the inflaton [15] – see Appendix
B.
The total number of parameters that enter the
computation amounts to the five coefficients in the
6Whereas cosmological perturbations are invariant under
frame transformations, see for instance Refs. [24, 25], the
equivalence of the Einstein and Jordan frames at the quan-
tum level is still to be established. In the present letter
we therefore adopt the following strategy: first we compute
the effective potential in the Jordan frame, eq. (18), and
consequently we move to the Einstein frame for the calcula-
tion of the slow-roll parameters. Given a scalar potential in
the Jordan frame, the cosmological perturbations are then
independent, in the slow-roll approximation, of the choice
of the frame in which the inflationary observables are com-
puted [24, 25]. For a further discussion on frames equivalence
and/or loop corrections in scalar-tensor theories we refer the
reader to Refs. [26–54].
scalar potential, the two VEVs of the CP even
scalar fields, the χ parameter in eq. (13) and the
non-minimal coupling to gravity, for a total of nine.
The parameter space is however restricted by the
two minimization conditions in eqs. (4) and (5),
the constraint in eq. (13), the measurement of the
Higgs mass and VEV and of the amplitude of scalar
perturbations in eq. (14), leaving only three free pa-
rameters. We choose these to be the inflaton VEV
vρ, the mixing angle θ and the correction factor χ.
Let us now discuss the implications of eq. (13) on
the parameters space. As anticipated, we assume
here that mρ < mh, as in the complementary case
mρ > mh such a constraint implies
λHS >
m4h
m
5/2
pi mµ
√
MPl
√
χ ' 92√χ, (16)
corresponding to large values of the portal coupling
that we choose to disregard for the sake of the per-
turbativity of the theory.
By using eq. (13), the inflaton mass can be ap-
proximated at the first order for a small mixing an-
gle as
m2ρ '
m
5/2
pi sin θ mµ
√
MPl√
χvhvρ
, (17)
and the requirement that the inflaton itself do not
contribute to dark radiation then imposes an upper
bound on its VEV for given χ and sin θ. In our
computation we conservatively require mρ > 150
MeV to prevent this possibility.
For the values of the inflaton mass selected by the
constraints, the inflaton potential is dominated by
the quartic coupling term, and the inflationary ob-
servables are consequently insensitive to the value
of mρ. The parameters λS and λH can be derived
by solving the minimization conditions in eq. (4)
and (5) and by using the equations defining the
mass eigenstates.
With the parameters of the potential being set at
the electroweak scale, the computation of inflation-
ary observables cannot neglect the running of these
quantities. Therefore, we write the Jordan frame
inflaton potential as
Vρ =
1
4
λS(ρ)ρ
4 , (18)
where λS(ρ) is obtained from the renormalization
group equations given in Appendix A. Since gener-
ally λS  λSH(mt) 1, we find an approximated
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solution as
λS(ρ) ' λS(mt) + βλS (mt) ln
(
ρ
mt
)
, (19)
where the parameters λS(mt) and βλS (mt), for
mρ  mh, can be given as:
λS(mt) ' v
2
hλ
2
HS
2m2h
' m
2
h sin
2 θ
2v2ρ
, (20)
βλS (mt) '
λ2HS
8pi2
' m
4
h sin
2 θ
8pi2v2hv
2
ρ
. (21)
Furthermore, following Ref. [57, 58], the running
λS can be approximated as
λS(ρ) ' m
2
h sin
2 θ
2v2ρ
[
1 + δ ln
(
ρ
mt
)]
, (22)
with
δ =
m2h
4pi2v2h
' 6.55× 10−3. (23)
When the above approximations hold, we expect
that the inflationary predictions in both the for-
mulations of gravity lie on the corresponding δ '
6.55 × 10−3 lines, regardless of the values of χ, vρ
and sin θ. The exact location of each point on a line
is nevertheless determined by vρ and sin θ param-
eters, while the χ parameter generally affects the
resulting inflaton mass only.7
We can also estimate a rough lower bound for
vρ by imposing λS(mt) < 1, a necessary condition
for the theory to retain perturbativity up to the
inflation scale. By using eq. (20) we then obtain
vρ >
mh√
2
sin θ ' 90 sin θ GeV. (24)
In our computation we took sin θ ∈ {0.001,
0.01, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, 0.5},
whereas vρ ∈ {90, 102, 103, 104, 105, 106} GeV. As
mentioned before, we let the parameter χ in eq. (13)
take values in the range [0.1, 10] and we excluded
points resulting in a inflaton contribution to dark
radiation by imposing mρ > 150 MeV.
7The correction factor χ modifies the inflationary observ-
ables only in the few cases where the running of λS is dom-
inated by its self-corrections, in which case the renormaliza-
tion group equations need to be solved numerically.
Reheating and duration of inflation
After inflation, the inflaton oscillates around its
VEV and consequently decays starting the so-called
reheating process. In our scenario, the main decay
mode of the inflaton is a pair of SM fermions with
mf < mρ/2, or a pair of Goldstone bosons, if vρ
is within O(102mρ). The former process is allowed
by the mixing with the SM Higgs boson induced
by the portal coupling. Knowledge of the reheating
dynamics allows an estimate of the duration of the
inflationary era, which lasts for a number of e-folds
approximately given by [59]
Ne ' 61.1181 + 1
12
(1− 3ωint ln ρRHρend )
ωint + 1
+
1
4
ln
V 2∗
ρendMPl
.
(25)
Here the e-fold average of the equation-of-state pa-
rameter during the thermalization epoch, ωint, and
the energy density after reheating, ρRH, are respec-
tively given by
ωint ' 0.782
ln
2.096mρ
Γρ
, ρRH ' 0.0151Γ2ρM2Pl, (26)
where Γρ is the total decay width of the inflaton.
The energy density ρend at the end of inflation is
instead computed by setting H = 1, which yields
ρend =
3
2Vend, where Vend is the inflaton potential
at the end of inflation.
Results
Our results are presented in Figure 1, where the
predicted values of ns and r assume a value of the
correction parameter χ = 1. In the following dis-
cussion we argue that, at the current accuracy, in-
flationary observables are basically independent of
the choice of χ.
Within the metric formulation – points in ma-
genta –, as long as the quartic coupling self-
corrections in the inflaton potential play a marginal
roˆle, the solutions of the model given by Eqs. (20)
and (21) tend to the ones supported by the
Starobinsky R2 inflation – shown in orange – and
are generally insensitive to the value assumed by the
correction coefficient χ of eq. (13). Explicit bench-
mark points exhibiting this behaviour are shown in
the last two entries of Table 1.
In the opposite regime, when the running of
λS(mt) is dominated by self-corrections, our predic-
tions are drastically departing from the Starobin-
sky attractor and reach well within the 68% confi-
dence level (CL) region. In this case, inflationary
5
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Figure 1: Inflationary observables r and ns. The predictions of the model are marked in magenta for the metric and in purple
for the Palatini gravity, assuming χ = 1. In both cases, the color scale indicates the number of e-folds obtained. For the
purpose of reference we show also the predictions of the Starobinsky R2 [1] – in orange – and linear inflation [60] – in yellow
– models, with smaller dots corresponding to a duration of inflation of 45 e-folds and larger dots to 50 e-folds. The grey areas
indicate the 68% and 95% CL supported by the Planck 2018 data [60] for a standard value of Neff . Correspondingly, the green
areas show how the same bounds shift once a dark radiation component – Neff = 3.3 – is allowed [12].
metric Palatini
vρ/GeV sin θ χ mρ/GeV λS Ne ns r Ne ns r
90 0.4
0.1 11.7 0.162 51 0.986 1.89× 10−2
? ? ?1 6.63 0.157 50.6 0.984 1.65× 10−2
10 3.73 0.155 50.3 0.984 1.6× 10−2
103 0.15
0.1 2.25 1.79× 10−4 48.7 0.962 4.83× 10−3 48.7 0.988 3.28× 10−2
1 1.27 1.77× 10−4 48.4 0.962 4.9× 10−3 48.4 0.988 3.31× 10−2
10 0.71 1.76× 10−4 48. 0.962 4.95× 10−3 48.1 0.988 3.32× 10−2
105 0.25
0.1 2.88 4.89× 10−8 46.1 0.96 5.43× 10−3 45.5 0.998 2.58× 10−3
1 1.62 4.89× 10−8 45.8 0.96 5.49× 10−3 45.2 0.998 2.59× 10−3
10 0.09 4.89× 10−8 45.5 0.959 5.56× 10−3 44.9 0.998 2.59× 10−3
Table 1: Benchmark points for the considered model. In correspondence of the first entry, the running of the inflaton quartic
coupling is dominated by self-corrections. We indicated with ? the appearance of a Landau pole below the scale of inflation.
Notice that the points corresponding to the last entry of the table are in tension with the inflationary observables once dark
radiation is assumed. The last point is also to be rejected, as in this case the inflaton contributes to dark radiation.
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observables may mildly depend on the correction
coefficient χ as illustrated by the first entry in Ta-
ble 1. Therefore, within the metric formalism, we
conclude that the predictions of the model fall be-
low the 95% CL indicated by the data – indicated
by the light green area, assuming Neff = 3.3 – when
the running of λS(mt) is dominated by the same
parameter.
As for the case of Palatini formulation – purple
points in Figure 1 – the predictions of the model
still select a small tensor-to-scalar ratio r, but sup-
port values of the spectral index ns generally shifted
towards the blue end, which even overshoot the
95% CL. We also see that the solutions approach
the linear inflation attractor, in agreement with
Ref. [58], and that fewer solutions depart from the
δ ' 6.55 × 10−3 line with respect to the metric
case. This is because the larger inflaton field ex-
cursion typical of the Palatini formulation results
more easily in a Landau pole once the running of
the inflaton quartic coupling is dominated by self-
corrections – see for instance the first entry in Ta-
ble 1. Moreover, we remark that the inflationary so-
lutions within the Palatini formalism of the model
with mρ > 150 MeV are in agreement with observa-
tions only if a dark radiation component is allowed,
falling on the outside of the 95% CL contour cor-
responding to a standard value of Neff – shown by
the light gray area.
To conclude, notice that both formalisms predict
a number of e-folds relatively low, as expected for
a light inflaton with a small decay width. The neg-
ligible difference in the number of e-folds computed
in the two cases is explained by the low field val-
ues involved in the reheating dynamics, which are
therefore rather insensitive to the performed field
redefinition.
5. Conclusions
We proposed a model for inflation and dark ra-
diation based on a minimal extension of the SM
containing a complex scalar singlet. The scalar po-
tential is symmetric under a global U(1) symme-
try, which is spontaneously broken by the dynam-
ics of the new field. As a result, the modulus of
the complex scalar field plays the roˆle of the infla-
ton, whereas its phase yields a massless Goldstone
boson which contributes to dark radiation.
Considering a scenario where the Goldstone
bosons leave the thermal bath immediately prior
to the pion annihilation era, we computed the re-
sulting effective number of neutrino species and de-
tail the inflationary phenomenology predicted by
the model for both the metric and Palatini formal-
ism.
For the considered effective number of neutrino
species Neff = 3.3, as long as the inflaton quar-
tic self-corrections are marginal, we find that in
the metric approach the predictions of the model
tend to the Starobinsky limit regardless of details
concerning the Goldstone decoupling dynamics. In
the Palatini formalism, instead, the model generally
selects values of the spectral index shifted toward
the blue end of the spectrum. Small values of the
tensor-to-scalar ratio are still favoured. The bulk
of solutions for the Palatini formalism falls within
the present 95% confidence interval indicated by the
data for a non-standard value of the effective num-
ber of neutrino species. When the self-corrections
of the inflaton quartic coupling dominate the run-
ning of the parameter, the predictions of the metric
case drastically depart from the Starobinsky attrac-
tor, reaching the core of the 68% confidence region,
and mildly depend on details in the dynamics of
Goldstones decoupling. In this case, the Palatini
formulation is instead generally ruled out by the
appearance of Landau poles at scales lower than
the inflationary one.
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Appendix A. Beta functions
The running of interaction couplings is deter-
mined by the renormalisation group equations
µdgidµ = βgi . We calculated the β-functions with
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the PyR@TE package [61, 62] at one-loop level:
(4pi)2βgY =
41
6
g3Y , (A.1)
(4pi)2βg = −19
6
g3, (A.2)
(4pi)2βg3 = −7g33 , (A.3)
(4pi)2βyt = yt
(
9
2
y2t −
17
12
g2Y −
9
4
g2 − 8g23
)
,
(A.4)
(4pi)2βλH =
3
8
(3g4 + 2g2g2Y + 3g
4
Y )− 6y4t
− (9g2 − 3g2Y + 12y2t )λH + 24λ2H
+ λ2HS , (A.5)
(4pi)2βλHS = λHS
(
4λHS − 9
2
g2 − 3
2
g2Y
+ 6y2t + 12λH + 8λS
)
, (A.6)
(4pi)2βλS = 20λ
2
S + 2λ
2
HS . (A.7)
Appendix B. Palatini formalism
The Palatini formalism of non-minimally coupled
gravity follows from the Lagrangian
√−gL=√−g
(
−M¯
2
Pl
2
f(ρ′)R(Γ) +
(∂ρ′)2
2
− V (ρ′)
)
,
(B.1)
where the connection Γ is, a-priori, independent of
the metric. When solved for a torsion-free connec-
tion, Γλαβ = Γ
λ
βα, the associated equation of motion
leads to [15]
Γλαβ = Γ
λ
αβ + δ
λ
α∂βω(ρ
′) + δλβ∂αω(ρ
′)− gαβ∂λω(ρ′),
(B.2)
where
ω (ρ′) = ln
√
f(ρ′), (B.3)
and Γ¯ = Γ¯(gµν) is the Levi-Civita connection, fully
determined by the metric tensor through
Γ
λ
αβ =
1
2
gλγ (∂αgβγ + ∂βgγα − ∂γgαβ) . (B.4)
As general Lagrangians result in difference be-
tween the connection in eq. (B.4) and (B.2),
the predictions of metric and Palatini formula-
tions are usually distinguishable. One famous
counter-example is given by the Einstein-Hilbert
Lagrangian, in which case the Palatini formulation
reduces to the metric one as the equation of motion
of the connection forces Γλαβ = Γ¯
λ
αβ .
The difference between the two formalisms per-
sist also after the starting Lagrangian in eq. (B.1)
has been cast in the Einstein frame by means of the
conformal transformation
gEµν = f(ρ
′) gµν . (B.5)
When described in the Einstein frame, the gravity
sectors of both the formalisms look alike (cf. eq.
(B.2)), however the matter sector, consisting in our
case of ρ′, behave differently. In more detail, the
Einstein frame Lagrangian is given by [15]
√
−gELE =
√
−gE
[
− M¯
2
Pl
2
R+
(∂ρE)
2
2
−U(ρE)
]
,
(B.6)
where ρE is canonically normalized scalar field in
the Einstein frame, with scalar potential
U(ρE) =
V (ρ′(ρE))
f2(ρ′(ρE))
. (B.7)
For the case of metric formulation, ρE is derived
by integrating the following relation
∂ρE
∂ρ′
=
√
3
2
(
M¯Pl
f
∂f
∂ρ′
)2
+
1
f
, (B.8)
where the first term comes from the transformation
of the Jordan frame Ricci scalar and the second one
is due to the rescaling of the Jordan frame scalar
field kinetic term.
Differently, in the Palatini formulation, the field
redefinition is induced only by the rescaling of the
inflaton kinetic term, yielding
∂ρE
∂ρ′
=
√
1
f
. (B.9)
As we can see, within the Einstein frame, the dif-
ference between the two formulations then amounts
to the definition of ρE , which is reminiscent of the
different non-minimal kinetic terms for ρ′ derived
in these approaches.
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